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CHAPTER 4: DISTRIBUTIONS IN THE PRESENCE OF MULTI-

DIMENSIONALITY AND FUNCTIONS OF RANDOM VARIABLES 

 

PART 1: Multi-dimensional distributions 

 

1 Introduction 

2 Joint distribution functions 

2.1 Cumulative distribution functions 

2.2 Joint density function for discrete random variables 

2.3 Joint density function for continuous random variables 
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3 Conditional distributions and stochastic independence 

3.1 Conditional distribution for discrete random variables 

3.2 Conditional distribution for continuous random variables 

3.3 Conditional probabilities of an event given a random variable 
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4 A multi-dimensional world of expectations 

4.1 Unconditional expectations 

4.2 Covariances and correlations 

4.3 Conditional expectations 

4.4 Joint moment generating functions and moments 

4.5 Independence and expectations 
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5 Highlight: The bivariate normal distribution 

5.1 Density function 

5.2 Moment generating function and moments 

5.3 Marginal and conditional densities 
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PART 2: Distributions for functions of random variables 

 

1 Introduction 

2 Expectations of functions of random variables 

2.1 Expectation two ways 

2.2 Sums of random variables 

2.3 Product and quotient 
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3 Cumulative-distribution-function technique 

3.1 Description of the technique 

3.2 Distribution of minimum and maximum 

3.3 Distribution of sum and difference of two random variables 

3.4 Distribution of product and quotient 
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4 Moment-generating-function technique 

4.1 Description of the technique 

4.2 Distribution of sums of independent random variables 

Central limit theorem 

 

5 The transformation Y=g(X) 

5.1 Distribution of Y=g(X) 

5.2 Probability integral transform 

5.3 The transformation  
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PART 1: Multi-dimensional distributions 
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1 Introduction 

• It is sometimes of interest to draw conclusions about multiple random 

variables at once 

• As in the univariate case, we will start with cumulative distribution 

functions 

• These exist for any set of k random variables 

• Joint density functions will be introduced afterwards  
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2 Joint distribution functions

2.1 Cumulative distribution functions

• A joint cumulative distribution function is a function with domain 

Euclidean   k space and counterdomain the interval [0,1].

• If k=2, then the joint cumulative distri

variables, and so its domain is simply the 
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2 Joint distribution functions 

2.1 Cumulative distribution functions 

A joint cumulative distribution function is a function with domain 

space and counterdomain the interval [0,1].

then the joint cumulative distribution function is a function of two 

variables, and so its domain is simply the xy plane. 

dimensionality and functions of random variables 
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A joint cumulative distribution function is a function with domain 

space and counterdomain the interval [0,1]. 

bution function is a function of two 
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2.2 Joint density function for discrete random variables
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2.2 Joint density function for discrete random variables
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2.2 Joint density function for discrete random variables 
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2.3 Joint density function for continuous random variables

 

• Note that a joint probability density function is defined as a

negative integrand satis

NOT UNIQUE! 
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2.3 Joint density function for continuous random variables

that a joint probability density function is defined as a

negative integrand satisfying the definition statements above. Hence, it is 
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2.3 Joint density function for continuous random variables 

 

that a joint probability density function is defined as any non-

fying the definition statements above. Hence, it is 
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Properties 
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About areas and volums 
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3 Conditional distributions

3.1 Conditional distribution for discrete random variables
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3 Conditional distributions and stochastic independence

3.1 Conditional distribution for discrete random variables

dimensionality and functions of random variables 
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and stochastic independence 

3.1 Conditional distribution for discrete random variables 
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3.2 Conditional distribution for continuous random variables
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3.2 Conditional distribution for continuous random variables
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3.2 Conditional distribution for continuous random variables 
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3.3 Conditional probabilities of an event given a random variable
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3.3 Conditional probabilities of an event given a random variable  
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3.4 Independence 

• When we defined conditional probabilities early on, we were able to 

introduce the concepts of “independence” and “dependence” of two 

events 

• We have now defined the conditional distribution of random variables. 

Hence, similarly as in the “probability world” we should now be able to 

define “independence” and “dependence” or random variables 

• Although in this context one can / should talk about “stochastic” 

independence, often the term “stochastic” is omitted 
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Application 
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4 A multi-dimensional world of expectations

4.1 Unconditional expectations
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.1 Unconditional expectations 
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4.2 Covariances and correlations
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• Several sets of (x, y) points, with the correlation coefficient of x and y for 

each set, are shown in the following plot. Note that the correlation reflects 

the noisiness and direction of a linear relationship (top row), but not the 

slope of that relationship (middle), nor many aspects of nonlinear 

relationships (bottom).  

• Remark: the figure in the center has a slope of 0 but in that case the 

correlation coefficient is undefined because the variance of Y is zero 
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4.3 Conditional expectations
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.3 Conditional expectations 
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Partial proof 
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Additional useful “to-knows”

 

• We will see more about regression in a subsequent chapter
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see more about regression in a subsequent chapter  
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4.4 Joint moment generating functions and moments
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.4 Joint moment generating functions and moments 

dimensionality and functions of random variables 

                              76 

 



Probability and Statistics                                  Chapter 4: Distributions in the presence of multi

 

K Van Steen  

 

 

  

Probability and Statistics                                  Chapter 4: Distributions in the presence of multi-dimensionality and functions of random variables

     

dimensionality and functions of random variables 

                              77 

 



Probability and Statistics                                  Chapter 4: Distributions in the presence of multi

 

K Van Steen  

 

  

Probability and Statistics                                  Chapter 4: Distributions in the presence of multi-dimensionality and functions of random variables

     

dimensionality and functions of random variables 

                              78 



Probability and Statistics                                  Chapter 4: Distributions in the presence of multi

 

K Van Steen  

 

4.5 Independence and expectations
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Cauchy-Schwarz inequality

  

Probability and Statistics                                  Chapter 4: Distributions in the presence of multi-dimensionality and functions of random variables

     

Schwarz inequality 

dimensionality and functions of random variables 

                              83 



Probability and Statistics                                  Chapter 4: Distributions in the presence of multi

 

K Van Steen  

 

  

Probability and Statistics                                  Chapter 4: Distributions in the presence of multi-dimensionality and functions of random variables

     

dimensionality and functions of random variables 

                              84 



Probability and Statistics                                  Chapter 4: Distributions in the presence of multi

 

K Van Steen  

 

5 Highlight: The bivariate normal distribution

5.1 Density function 

Probability and Statistics                                  Chapter 4: Distributions in the presence of multi-dimensionality and functions of random variables

     

Highlight: The bivariate normal distribution 

dimensionality and functions of random variables 

                              85 

 

 


